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We study the spontaneous symmetry breaking of dipolar Bose–Einstein condensates trapped in
stacks of two-well systems, which may be effectively built as one-dimensional trapping lattices sliced
by a repelling laser sheet. If the potential wells are sufficiently deep, the system is modeled by cou-
pled discrete Gross–Pitaevskii equations with nonlocal self- and cross-interaction terms representing
dipole–dipole interactions. When the dipoles are not polarized perpendicular or parallel to the lat-
tice, the cross-interaction is asymmetric, replacing the familiar symmetric two-component solitons
with a new species of cross-symmetric or -asymmetric ones. The orientation of the dipole moments
and the interwell hopping rate strongly affect the shapes of the discrete two-component solitons as
well as the characteristics of the cross-symmetry breaking and the associated phase transition. The
sub- and super-critical types of cross-symmetry breaking can be controlled by either the hopping
rate between the components or the total norm of the solitons. The effect of the interplay between
the contact nonlinearity and the dipole angle on the cross-symmetry breaking is also discussed.
Keywords Discrete matter-wave solitons, two-component systems, dipole–dipole interactions,
cross-symmetry breaking.
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I. INTRODUCTION
Dipolar Bose–Einstein condensates (BECs) composed of polar atoms and molecules are the subject of active and
broad research in atomic and low-temperature physics. This type of BEC, which is dominated by anisotropic long-
range magnetic or electric dipole–dipole interactions (DDIs), differs significantly from typical BECs, whose intrinsic
dynamics is driven by isotropic contact interactions induced by s-wave scattering. Studies of dipolar BECs have
produced many fascinating experimental and theoretical results, which have been summarized in reviews and references
therein [1–3].
One important advantage of the dipolar BEC is its excellent tunability. In addition to the fact that the atomic or
molecular dipoles can be polarized by external dc electric or magnetic fields, the sign of the DDI can be switched by
a rotating ac field [4]. Moreover, atoms or molecules carrying field-induced magnetic or electric moments placed in
spatially nonuniform fields are particularly interesting [5]. These tunable properties indicate the vast potential offered
by dipolar BECs for fundamental and applied studies. One significant direction in these studies is the simulation of
various phenomena that occur in a more complex form in other physical media, such as ferrofluidity [6–9], rotons
[10–13, 32], Faraday waves [15, 16], supersolids [17, 18], anisotropic superfluidity [19] and anisotropic collapse [20–23],
mesoscopic drops stabilized by quantum fluctuations [24–27], and others [28–32].
Another remarkable ramification is the use of collective nonlinear modes in dipolar BECs to create matter-wave
solitons. This topic was originally introduced in nonlinear optics with nonlocal media [33–36]. A noteworthy finding
is that DDIs can help stabilize multidimensional matter-wave solitons [37, 38]. Various forms of bright [39–44], dark
[45–47], vortex [48, 49], and discrete [50–53] solitons were predicted in dipolar condensates. Very recently, stable
two-dimensional (2D) solitons were predicted in a dipolar BEC with spin–orbit coupling [54–56]. It was demonstrated
that the DDI can create solitons not only in BECs but in an ultracold bosonic gas of the Tonks–Girardeau type [57].
Very recently, dipolar matter-wave solitons were studied in a two-component discrete system [58]. A sketch of this
system is displayed in Fig. 1(a). It was found that when the dipoles are not polarized perpendicular or parallel to
the lattice, the cross-interaction, which is induced by the DDIs between two lines, is asymmetric [in Fig. 1(b), the
left and right sides of the n-th lattice on the upper line feel attractive and repulsive DDIs, respectively, from the
lower line]. This asymmetric cross-interaction gives rise to an asymmetric nonlocal cross-phase-modulation (XPM)
term in the discrete Gross–Pitaevskii equation (GPE) and brings about a new type of symmetry, which is called
cross-symmetry, in two-component discrete solitons [see Eq. (9) below]. Typically, when the dipole angle θ is near
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2FIG. 1: (Color online) (a) Dipoles in two-component discrete lattices are oriented by an external field in an arbitrary direction
θ with respect to the horizontal (dashed) line. D is the distance between the two dashed lines. (b) Typical example of the
contribution of the asymmetric nonlocal cross-interaction. In this sketch, if ϕ1 < 54.7
◦ and ϕ2 > 54.7
◦, the m↔ n and m′ ↔ n
DDIs are attractive and repulsive, respectively, and produce the asymmetric nonlocal cross-interaction in this two-component
system.
35.3◦ [see Eq. (6) below], two types of cross-symmetry, on-site (the cross-symmetric axis is at a lattice site) and off-
site (the cross-symmetry axis is at the midpoint between two sites) cross-symmetry, are induced by the asymmetric
cross-interaction of the DDI. However, in a broad range of dipole angles, cross-symmetry breaking, which replaces
the off-site cross-symmetry, was not discussed in this paper. The process of generating cross-asymmetry solitons from
cross-symmetry solitons remains unclear.
The objective of the present work is to investigate spontaneous cross-symmetry breaking and the associated phase
transition, also known as the symmetry-breaking bifurcation, of discrete solitons supported by the asymmetric cross-
interaction (i.e., nonlocal asymmetric XPM) in two-component systems. Spontaneous symmetry breaking is generally
a ubiquitous phenomenon that occurs in broad areas of nonlinear physics [59]. As solitons are an important nonlinear
phenomenon, a natural subject of analysis is spontaneous symmetry breaking of solitons in symmetric systems. In
particular, many theoretical and experimental results on this subject have been reported in optical and matter-wave
nonlinear settings, where the symmetry is frequently provided by dual-core or double-well structures [60]. Symmetry
breaking of solitons in systems with local nonlinearity has been studied in detail theoretically [64–74]; the systems
include discrete systems, which are represented by parallel arrays of coupled waveguides [75, 76].
Spontaneous symmetry-breaking of solitons in systems with nonlocal nonlinear media is also an interesting problem,
as the nonlocality strongly affects the outcome of spontaneous symmetry breaking when the nonlinearity strength
exceeds a critical value [60]. To date, only few works have addressed this topic. In particular, the symmetry-breaking
transformation of optical solitons in a dual-core coupler with nonlocal thermal nonlinearity was considered in Ref.
[77]. Unlike the optical systems, the dipolar BEC dual-core setting exhibits not only intracore nonlocal nonlinearity
but also an intercore DDI, which makes the situation essentially different. The differences were first shown in a model
for an effectively one-dimensional (1D) dual-core coupler filled with a dipolar condensate [78]. In that work, sub- and
supercritical symmetry breaking, (i.e., symmetry-breaking phase transitions of the first and second kinds, respectively)
could be induced by competition between the inter- and intracore DDIs, respectively. However, the analysis in Ref.
[78] considered a single polarization of the dipoles, namely, along the cores. In fact, an external magnetic field can
polarize the dipoles in any direction, which offers an additional tool for working with dipolar systems. The aim of the
present work is to explore the use of this degree of freedom to control the shape of discrete two-component solitons
and the characteristics of the phase transition (symmetry-breaking bifurcation) in them. In particular, one of its
essential feature is that, unless the dipole moments are oriented strictly perpendicular or parallel to the system’s axis,
the shapes of the solitons become irregular, i.e., spatially asymmetric, necessitating a modification of the definition of
symmetry (and asymmetry) between the soliton’s components, replacing it with cross-symmetry [see Eq. (9) below].
Moreover, spontaneous cross-symmetry breaking in discrete solitons supported by asymmetric cross-interactions has
not been studied before.
The rest of the paper is structured as follows. The model is introduced in Sec. II, and the cross-symmetry breaking
in discrete two-component solitons controlled by the orientation of the dipoles is studied in Sec. III. The paper is
concluded in Sec. IV.
II. THE MODEL
We consider a chain of two-well systems into which a dipolar BEC is loaded, as schematically shown in Fig. 1(a).
It can be built as the usual quasi-1D lattice [79, 80], cut into a pair of parallel scalabilities by an additional repulsive
(blue-detuned) laser sheet. Configurations with different orientations of the dipoles with respect to the lattice are
3also shown in Fig. 1(a).
In the tight-binding approximation [81, 82, 84] and using Wannier-like functions [50, 53, 85], the mean-field dynamics
of the condensate in this system is governed by a two-component dimensionless discrete GPE [58]:
i
d
dt
ψ˜n = −C
2
(ψ˜n+1 + ψ˜n−1) +

σ|ψ˜n|2 + ∑
m 6=n
(
Fnm|ψ˜m|2 +Gnm|φ˜m|2
) ψ˜n − Jφ˜n
i
d
dt
φ˜n = −C
2
(φ˜n+1 + φ˜n−1) +

σ|φ˜n|2 + ∑
m 6=n
(
Fnm|φ˜m|2 +Gmn|ψ˜m|2
) φ˜n − Jψ˜n. (1)
Here, C and J are the coupling constants (determined by the respective hopping rates) along the lattice and between
the wells, respectively; σ is the strength of the contact nonlinearity, and Fnm and Gnm are DDI kernels that account
for the nonlocal self- and cross-interactions, respectively, in the coupled GPEs:
Fnm =
{
0, (m = n)
(1− 3 cos2 θ)/|m− n|3 (m 6= n) , (2)
Gnm =


(1 − 3 sin2 θ)/D3 (m = n)[
1− 3 cos2 ϕ1
]
/[D2 + (m− n)2]3/2 (m < n)[
1− 3 cos2 ϕ2
]
/[D2 + (m− n)2]3/2 (m > n)
, (3)
whereD is the scaled interwell distance (vertical onsite distance), θ is the angle between the dipole orientation and hori-
zontal axis [see Fig. 1(a)], ϕ1 = β−θ, and ϕ2 = pi−(β+θ) [see Fig. 1(c)], with β ≡ arccos
(
|m− n|/
√
D2 + (m− n)2
)
.
Typically, when θ = 0 or pi/2, Gnm is a symmetric matrix that satisfies Gnm = Gmn. For 0 < θ < pi/2, Gnm
is an asymmetric matrix satisfying Gnm 6= Gmn. This asymmetry is contributed by an asymmetric nonlocal cross-
interaction [Fig. 1(b)]. In Ref. [58], we find that when D < 0.7, an off-site cross-symmetric soliton can be produced
inside a narrow window near θ ≈ 0.196pi = 35.3◦ [see Eq. (6) below]. In this work, we consider the cross-symmetry
breaking induced by the asymmetric Gnm; for convenience, we assume that the interwell distance D is equal to the
horizontal distance between two adjacent lattice sites, i.e., D = 1, throughout the paper. In the following section,
we will study the cross-symmetry breaking of a fundamental soliton from θ = 0 to pi/2 by numerical simulations.
Recently, a configuration similar to Eq. (1) was considered as an Ising model with long-range interactions, which does
not include horizontal hopping, i.e., with C = 0 [86].
Stationary states are searched for in the usual form,
(ψ˜n, φ˜n) = (ψn, φn)e
−iµt, (4)
where (ψn, φn) are stationary wave functions, and µ is a real chemical potential. Two-component solitons are charac-
terized by their total norm,
P = Pψ + Pφ ≡
n=N/2∑
n=−N/2
(
|ψ˜n|2 + |φ˜n|2
)
, (5)
which is a dynamical invariant of Eq. (1). According to Ref. [50], if we assume that the width of the transverse
confinement is ∼ 5 µm, and the period of the optical lattice can be readily set to 5 µm, we conclude that P = 1 may
correspond to ∼ 1000 atoms in the condensates.
As mentioned above, for θ = 0 or pi/2, the matrix Gnm given by Eq. (3) is symmetric. Obviously, at θ = 0, the
vertical (also called interwell) interaction, i.e., the onsite DDI between condensate droplets trapped in the two wells,
is repulsive, whereas the horizontal DDI within each sublattice is attractive. At θ = pi/2, the situation is the opposite;
the onsite DDI in the two wells is attractive, whereas the horizontal DDI is repulsive.
When 0 < θ < pi/2, the symmetry of the matrix is broken, which may contribute to an asymmetric nonlocal
cross-interaction [Fig. 1(b)]. In the interval θ ∈ (0, pi/2), there are two well-known special angles:
θ1 = arcsin
(
1/
√
3
)
≈ 0.196pi ≈ 35.3◦, (6)
θ2 = arccos
(
1/
√
3
)
≈ 0.304pi ≈ 54.7◦. (7)
4FIG. 2: (Color online) Typical examples of discrete two-component solitons obtained by the imaginary-time method. (a1,a2)
Symmetric and asymmetric solitons (with respect to the two components) for (P, J, θ) = (1, 1, 0) and (3, 1, 0), respectively.
(b1,b2) Symmetric and asymmetric solitons for (P, J, θ) = (3, 1, arcsin(1/
√
3)) and (8, 1, arcsin(1/
√
3)), respectively. (c,d)
Symmetric solitons for (P, J, θ) = (8, 1, arccos(1/
√
3)) and (P, J, θ) = (1.4, 1, pi/2), respectively. Note that the spatial shape of
the solitons is not even except when θ = 0 in (a1) and (a2); see the text for details.
When θ = θ1, the vertical DDI vanishes, and the horizontal DDI remains attractive; when θ = θ2, the horizontal DDI
vanishes, and the vertical DDI is attractive. Even though the DDI between the two parallel lattices is anisotropic, its
total effect remains attractive. Therefore, symmetry breaking may occur in the ground-state solution of the system.
At θ = 0 or pi/2, the shapes of the ground-state solitons (which include symmetric and asymmetric ones with respect
to the two components) that are produced by the system are spatially even, as mentioned above and shown below in
Figs. 2(a1), (a2), and (d); i.e., they obey the spatial symmetry condition,
φ−n = φn, ψ−n = ψn. (8)
However, when θ 6= 0 or pi/2, Gnm is not a symmetric matrix [see Eq. (3)]; hence, the shapes of the two components
are not spatially even. In particular, it is easy to see that, in this case, the symmetry condition with respect to the
two components actually takes the form of the cross-symmetry, as clearly shown in Figs. 2 (b1) and (c):
φ−n = ψn, (9)
which is different from Eq. (8). To quantify the symmetry breaking of solitons in the system, we define the usual
measure of the asymmetry between the two components in terms of their norms [cf. Eq. (5)]:
η =
|Pψ − Pφ|
Pψ + Pφ
. (10)
In the following section, we study discrete solitons in this system and the cross-symmetry breaking between their two
components (i.e., between the parallel sublattices) in the range 0 ≤ θ ≤ pi/2 using numerical methods.
III. SPONTANEOUS CROSS-SYMMETRY BREAKING OF TWO-COMPONENT DISCRETE
SOLITONS
A. System with σ = 0 (no contact interactions)
Ground-state discrete solitons, which always feature a site-centered unstaggered (smooth) shape [84]] and may be
both symmetric and asymmetric with respect to the two components, are obtained from Eq. (1) by the imaginary-time
5FIG. 3: (Color online) (a,b) Symmetry-breaking bifurcation diagrams shown using η(P ) and η(θ) curves [Fig. (10)]. In panels
(a) and (b), (J, θ) = (1, pi/6) and (J, P ) = (1, 3), respectively. Black solid dots are the bifurcation points; in panel (a),
P = 3.845; in panel (b), θ = 0.141pi (i.e., θ ≈ 25.4◦). The solutions on the solid curves (stable branches) are stable, whereas
those on the dashed lines (unstable branches) are unstable. (c) Black curve is the border between the yellow and green areas,
which are populated by cross-symmetric and asymmetric solitons, respectively, in the (P, θ) plane, which is the locus of the
bifurcation points for J = 1. The border is composed of supercritical symmetry-breaking bifurcation points. Here, σ = 0 (there
are no contact interactions).
method (ITM)[87–89]. We arrange two types of initial guess for the ITM, symmetric and asymmetric, which refer to
equal and unequal norm distributions, respectively. Before the symmetry-breaking bifurcation, both the symmetric
and asymmetric initial guesses can generally produce only the symmetric state; however, after the symmetry-breaking
bifurcation, the symmetric and asymmetric guesses produce symmetric and asymmetric states, respectively. The
stabilities of the output symmetric or asymmetric states are verified by direct simulations of Eq. (1) realized by the
four-step Runge–Kutta method. The stable state can propagate stably for a sufficiently long time. There are two
types of symmetry-breaking bifurcation: sub- and supercritical. In the subcritical symmetry-breaking bifurcation
(which is tantamount to the phase transition of the first kind), the system exhibits branches of asymmetric states
that emerge as unstable ones, going at first backward from the bifurcation point and becoming stable after turning
forward. Therefore, there is a small overlap (bistable) area of stable symmetry and asymmetry states; in this area,
both the symmetric and asymmetric guesses can produce a stable output solution via the ITM. In the supercritical
symmetry-breaking bifurcation (which is tantamount to the phase transition of the second kind), the asymmetric
branches emerge as stable ones and immediately go in the forward direction.
To focus on the cross-symmetry breaking induced solely by the DDIs, here we first remove the contact nonlinearity;
i.e., we set σ = 0 in Eq. (1) in this section. Therefore, the remaining control parameters are the total norm P [see
Eq. (5)], interwell hopping rate J in Eq. (1), and orientation angle θ. The horizontal hopping rate C is fixed as 1
throughout the paper.
Figure 2 shows typical examples of discrete solitons found for the dipole polarization angles θ = 0, 0.196pi, 0.304pi,
and pi/2. For θ = 0 and 0.196pi, both stable symmetric and asymmetric solitons were found for smaller and larger
values of P , respectively [Figs. 2(a1), (a2), (b1), and (b2)]. For θ = 0.304pi and pi/2, the system produces solely
symmetric modes [Figs. 2(c) and (d)].
Figures 3(a) and (b) show the bifurcation diagrams of cross-symmetry breaking as plots of the asymmetry η, as
defined in Eq. (10), versus P at fixed θ, and η versus θ at fixed P , for asymmetric discrete solitons at J = 1, when
only the supercritical bifurcation diagram is found. Typical examples of solutions selected from stable and unstable
branches in Fig. 3(a) are displayed in Fig. 4. To summarize these findings, the locus of bifurcation points is plotted in
the (P, θ) plane in Fig. 3(c). The latter figure demonstrates that, at θ < 0.22pi (i.e., θ < 39.6◦), increasing P leads to
supercritical cross-symmetry-breaking bifurcation (i.e., the symmetry-breaking phase transition of the second kind).
However, at θ > 0.22pi, cross-symmetry breaking does not occur at arbitrarily large values of norm P . Figure 3(c)
also implies that, at fixed P > 3.845, one can induce supercritical cross-symmetry breaking by rotating the dipoles
to smaller values of θ, i.e., closer to the system’s axis. The fact that symmetry breaking never occurs for sufficiently
large θ can be easily understood qualitatively. Indeed, with increasing θ, the attractive DDI in each component (along
each sublattice), which drives the symmetry breaking, weakens, whereas the attraction between the sublattices, which
obviously tends to suppress the symmetry breaking, strengthens. For this reason, θ = 0.22pi is close to (slightly larger
than) angle (6).
Figure 5 shows the bifurcation diagrams of the symmetry breaking for J = 0.1, i.e., for a much smaller interwell
hopping rate. In this case, in contrast to that considered above for J = 1, only the subcritical cross-symmetry-
breaking bifurcation (i.e., the symmetry-breaking phase transition of the first kind [90]) is found. Figure 6 shows
typical examples of the bistable soliton in the area where the two stable branches overlap. Similar to the result for
6FIG. 4: (Color online) Unstable (symmetric) soliton with (P, J, θ) = (5, 1, pi/6), which is produced by the ITM with a symmetric
input. (b) Direct simulation (real-time evolution) of the soliton solution in panel (a). (c) Stable (asymmetric) soliton with the
same controlled parameter as in panel (a), i.e., (P, J, θ) = (5, 1, pi/6), which is produced by the ITM with an asymmetric input.
(d) Direct simulation (real-time evolution) of the soliton solution in panel (c).
FIG. 5: (Color online) The same as Fig. 3, but for a much weaker vertical (interwell) hopping rate, J = 0.1. In panels (a) and
(b), θ = 0 and P = 0.5, respectively, are fixed. The bifurcation points are P = 0.365 in (a) and θ = 0.13488pi (i.e., θ ≈ 24.28◦)
in (b). Backward-going curves, which must connect the bifurcation point with the stable asymmetric branches [90], are not
shown here, as imaginary-time integration methods cannot produce these unstable solutions. (c) Subcritical symmetry-breaking
bifurcation (black dashed line). Here and in Fig. 7 below, to clearly display the locus of the bifurcation points, we do not show
a bistable area of overlap between the cross-symmetric and asymmetric solitons, as it is too narrow to be clearly shown.
J = 1, at θ > 0.22pi, cross-symmetry breaking does not occur at arbitrarily large values of P . At θ < 0.22pi and
P > 0.365, either increasing P or downward rotation of θ from pi/2 to 0 leads to the subcritical cross-symmetry-
breaking bifurcation. Notice that the narrow intermediate unstable branches of asymmetric solitons, which connect
the stable asymmetric branch and the bifurcation point on the symmetric branch, are missing, as the ITM does not
converge to such unstable solutions [91].
The subcritical bifurcation gives rise to bistability, i.e., a region of coexistence of stable cross-symmetric and
asymmetric discrete solitons [90]. This region is too narrow to appear clearly in Fig. 5(c) [a typical bistable case is
shown below in Fig. 7(d)].
Figures 3 and 5 suggest that the type of symmetry-breaking bifurcation, i.e., the characteristics of the symmetry-
breaking phase transition, can be switched by varying the parameters (P, J, θ). Figures 7(a), (b), and (c) demonstrate
7FIG. 6: (Color online) Stable (symmetric) soliton with (P, J, θ) = (0.365, 0.1, 0), which is produced by the ITM with a symmetric
input. (b) Direct simulation (real-time evolution) of the soliton solution in panel (a). (c) Stable (asymmetric) soliton with the
same controlled parameter as in panel (a), i.e., (P, J, θ) = (0.365, 0.1, 0), which is produced by the ITM with an asymmetric
input. (d) Direct simulation (real-time evolution) of the soliton solution in panel (c).
FIG. 7: (Color online) (a,b) Loci of bifurcation points in the (J, P ) plane for fixed values of the dipole orientation angle
θ = 0 and 0.196pi, respectively. Here and in other figures, the solid and dashed lines designate supercritical and subcritical
symmetry-breaking bifurcations, respectively. Critical points separating the super- and subcritical regions in panels (a) and
(b) are (P, J) = (1.07, 0.47) and (4.59, 0.7), respectively. (c) Locus of bifurcation points in the (P, θ) plane for a fixed vertical
(interwell) hopping rate, J = 0.45 [cf. Figs. 3(c) and 5(c)]. The critical point separating the sub- and supercritical regions
is (P, θ) = (1.63, 0.15pi). (d) Magnified view of region near the critical point (black dot) in panel (a). Red wedge is a narrow
bistable area where stable cross-symmetric and asymmetric solitons coexist. The symmetry breaking in this area is of the
subcritical type.
8FIG. 8: (Color online) Size of the (cross-)symmetric soliton at the bifurcation point, as defined in Eq. (11), versus P and J for
θ = 0 (a) and θ = 0.196pi (b). The critical points between the super- and subcritical segments in panels (a) and (b) are located
at L = 5.431 and 3.021, respectively.
this possibility by displaying the loci of bifurcation points in cases where the bifurcation type indeed changes. This
is shown in the (P, J) plane for θ = 0 and 0.196pi, as well as in the (P, θ) plane for J = 0.45 (for θ = 0, the cross-
symmetric solitons are replaced by the usual symmetric ones, as stated above). In these figures, solid and dashed
lines designate supercritical and subcritical bifurcations, respectively, which are separated by the critical points (black
dots).
To characterize the super- and subcritical symmetry-breaking bifurcations in further detail, we defined the size of
the cross-symmetric soliton as
L =
(∑
n |ψn|2
)2∑
n |ψn|4
(11)
(because the cross-symmetric solitons obey the constraint ψn = φ−nto define their size). Figure 8 shows L at the
bifurcation point as a function of P and J for θ = 0 and θ = arcsin(1/
√
3). The subcritical bifurcation tends to
occur in broader solitons (with larger L), and the curvature of the L(P, J) line is also larger when the bifurcation is
subcritical.
Families of solitons are usually described by the dependence between the chemical potential µ and norm P . Figure
9 shows this dependence, supplemented by a panel showing µ as a function of the orientation angle θ at fixed P . The
µ(P ) dependence behaves somewhat differently in three regions: θ < 0.196pi, 0.196pi < θ < 0.304pi, and θ > 0.304pi
[see typical examples for these three cases in Figs. 9(a), (b), and (c), respectively]. Note that in all these panels,
the Vakhitov–Kolokolov criterion, dµ/dP < 0, holds; this is well-known as a necessary stability condition for a bright
soliton supported by attractive nonlinearity [92, 93]. Short flat segments with µ ≈ −2 in Fig. 9(c) belong not to
solitons but to delocalized states, as the DDI cannot generate solitons in these regions. For θ < 0.192pi, the change in
the slope of the µ(P ) lines at µ ≈ −2.7 [dashed line in Fig. 9(a)] corresponds to the transition from cross-symmetric
solitons to asymmetric ones. The smooth shape of µ(P ) in the region 0.192pi < θ < 0.304pi [Fig. 9(b)] is explained
by the absence of symmetry breaking in this case [Fig. 3(c)]. The dependence of the µ value of the two-component
soliton on the angle θ in this system is also studied. Figure 9(d) shows the µ value of the two-component soliton versus
θ, namely, µ(θ), for different values of P . This panel clearly shows that µ depends sensitively on θ. The relationship
between µ and P shows different behavior in three regions: θ < 0.196pi, 0.196pi < θ < 0.304pi, and θ > 0.304pi.
B. System including contact interactions, σ 6= 0
To check the structural stability of the spontaneous symmetry-breaking phenomena against the inclusion of ad-
ditional terms, we here address the contribution from the local nonlinearity, which is described by the coefficient σ
in Eq. (1). This analysis also aims to establish a link between the present study and previous work that analyzed
the spontaneous symmetry breaking in discrete two-component solitons created by on-site (local) interactions [75].
Figure 10 displays areas populated by cross-symmetric and asymmetric solitons in the (P, θ) plane for fixed J = 1.
A comparison with the counterpart of this diagram at σ = 0 in Fig. 3(c) shows that the addition of the moderately
9FIG. 9: (Color online) (a,b,c) µ versus P for different fixed values of θ in three regions: θ < 0.196pi, 0.196pi < θ < 0.304pi,
and θ > 0.304pi, respectively. In (a), the dashed line designates the transition to asymmetric solitons via symmetry breaking,
whereas in (c), flat segments correspond to delocalized states in a region where solitons do not exist. In this figure, J = 1 and
σ = 0. (d) Chemical potential of two-component discrete solitons, µ, versus θ at different fixed values of the total norm P .
The solitons are asymmetric in the shaded area.
FIG. 10: (Color online) Same as Fig. 3(c) (J = 1 in this figure and the following one), but in the presence of the contact
interaction terms in Eq. (1) with strength σ = 1 (a), −1 (b), −1.8 (c), and −2.2 (d). In all cases, the symmetry-breaking
bifurcation is supercritical. In panels (a), (b),and (c), symmetry breaking does not occur at θ > θcr, with θcr = 0.192pi, 0.3pi,
and 0.413pi, respectively.
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FIG. 11: (Color online) (a) θcr, which is defined in the caption of Fig. 10, as a function of the strength σof the attractive
contact interaction. (b) Symmetry-breaking bifurcation diagram in the form of η vs. σ, where the other parameters are fixed:
(P, θ) = (10, 0.4pi). The bifurcation point is located at σ = −1.914.
strong repulsive (σ > 0) and attractive (σ < 0) contact interactions do not dramatically change the picture produced
by the DDI. In particular, the symmetry-breaking bifurcation remains supercritical.
A qualitative change appears in the presence of a sufficiently strong attractive local nonlinearity, i.e., σ < −2; as
Fig. 3(d) shows, in this case spontaneous symmetry breaking occurs at all values of θ, whereas at σ > −2 (including
the case of σ = 0 considered above), symmetry breaking is absent in the interval θcr < θ ≤ pi/2. In this region, the
attractive contact nonlinearity is not enough to overcome the repulsive DDI along each sublattice, which suppresses
the emergence of symmetry breaking. The corresponding dependence, θcr(σ), which reaches pi/2 and thus actually
disappears at σ ≈ −2, is shown in Fig. 11(a). In addition, Fig. 11(b) demonstrates that the onset of the symmetry-
breaking bifurcation can be controlled by means of the contact interaction strength σ, which, in turn, may be tuned
using the Feshbach resonance [94].
IV. CONCLUSION
We introduced a model of a dipolar BEC consisting of a chain of double-well potential traps. In the tight-binding
approximation, it amounts to a system of two coupled discrete GPEs with long-range DDIs determined by the angle θ
of the orientation of the dipoles with respect to the system’s axis. Except for the limiting cases of θ = 0 and θ = pi/2,
the system gives rise to cross-symmetric discrete solitons, the main issue being the phase transitions (bifurcations) into
spontaneous symmetry breaking of the cross-symmetric solitons. We found that the onset of spontaneous symmetry
breaking, as well as the shape of the asymmetric solitons it generates, is controlled by the soliton’s total norm P ,
rate of vertical (interwell) hopping J importantly, by θ. In particular, the supercritical symmetry-breaking bifurcation
tends to switch to the subcritical type with decreasing θ and J
A challenging issue may be an extension to a 2D discrete two-component system corresponding to dipolar BECs
trapped in a deep 2D lattice cut into parallel sublattices by a repelling laser sheet. In that geometry, the DDI will be
more complex than that in the 1D system. In particular, symmetry breaking may be expected not only in fundamental
2D solitons, but also in discrete solitary vortices [95].
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